A generalization of a theorem of Griffiths to 3-manifolds  by Moon, Myoungho
Topology and its Applications 149 (2005) 17–32
www.elsevier.com/locate/topol
A generalization of a theorem of Griffiths
to 3-manifolds
Myoungho Moon 1
Department of Mathematics Education, Konkuk University, Seoul 143-701, South Korea
Received 24 June 2004; accepted 30 August 2004
Abstract
We generalize a result of Griffiths to 3-manifolds. Griffiths’ theorem can be stated as follows:
Let M be a 2-manifold whose fundamental group G contains a finitely generated subgroup U such
that
• U contains a nontrivial normal subgroup N of G;
• U is of infinite index in G.
Then M is the torus or Klein bottle.
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Introduction
The fundamental group of a surface bundle over S1 is an extension of a surface group
by the infinite cyclic group. The converse is also true for the fundamental group of a com-
pact P2-irreducible 3-manifold. In other words, if the fundamental group G of a compact
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then Stallings [14] showed that M is a surface bundle over S1. This result was general-
ized in [8]. In that paper, Hempel and Jaco showed that if the fundamental group G of a
compact, P2-irreducible 3-manifold M is an extension of a finitely generated subgroup U
by an infinite group and U is not isomorphic to Z, then M is virtually a surface bundle
over S1 with fiber F and π1(F ) is commensurable with U . In a much earlier paper [6],
Griffiths showed that if the fundamental group G of a surface M2 has a finitely generated
subgroup U of infinite index which contains a nontrivial normal subgroup N of G, then
M2 is a torus or Klein-bottle. It is easy to see that in either case, M2 is a S1-bundle over
either S1 or the 1-dimensional orbifold S1/Z2 (Z2 acting on S1 by reflection) with the
fiber group commensurable with U . These results suggest that there should be a result for
Haken 3-manifolds which is similar to Griffiths’ result. For the basic facts on 3-manifolds,
see Hempel’s book [7].
In this paper, we would like to prove that the following statement (S) given below is
true for geometric 3-manifolds and for torus sums of geometric 3-manifolds.
(S) Let U be a finitely generated subgroup of the fundamental group G of a
3-manifold M . Suppose U contains a nontrivial normal subgroup N of G and the index
|G :U | is infinite. If N is not isomorphic to the infinite cyclic group Z, then M is finitely
covered by a bundle over S1 with fiber a compact surface F and π1(F ) is commensurable
with U .
In this paper, we show that the statement (S) holds for all geometric manifolds, and that
it also holds for torus sums of geometric manifolds in certain cases. Note that it suffices to
consider only orientable manifolds, so we will assume that all manifolds are orientable in
what follows.
This paper is organized as follows. In Section 1, we discuss the case where the
3-manifold M is geometric. In Section 2, we use graphs of groups to prove the result
in certain cases for the torus sum of two 3-manifolds.
1. Geometric 3-manifolds
A 3-manifold M is geometric if the interior of M has universal cover equal to one
of the 8 geometries, E3, S3, S2 × R, H2 × R, S˜L2R, Nil, R3, Sol. The compact geo-
metric 3-manifolds are all Seifert fibered spaces except hyperbolic 3-manifolds and Sol-
manifolds. Let G be the fundamental group of a compact geometric 3-manifold M , and
U be a finitely generated, infinite index subgroup of G. Suppose U contains a nontrivial
normal subgroup N of G. In this section, we prove that if N is not infinite cyclic, then
M is finitely covered by a bundle over S1 with fiber a compact surface F and π1(F ) is
commensurable with U .
Let M be a Seifert fibered space with base orbifold X. There is an exact sequence:
1 → K → π1(M) → πorb1 (X) → 1,
where K denotes the cyclic subgroup of π1(M) generated by a regular fiber and πorb1 (X)
denotes the orbifold fundamental group of X. The group K is infinite except in the case
where M is covered by S3. For the basic facts on Seifert fibered spaces, see [12].
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πorb1 (X) has an orientable surface group as a finite index subgroup.
An orbifold is good if its universal covering orbifold is a manifold (see [12]).
Lemma 1.2. Let X be a good closed 2-dimensional orbifold. If U is a finitely generated,
infinite index subgroup of πorb1 (X) and U contains a nontrivial normal subgroup N of
πorb1 (X), then X has a finite orbifold cover X1 which is a S1-bundle over either S1 or the
orbifold S1/Z2 ( Z2 acting on S1 by reflection), and also the fiber group is commensurable
with U .
Proof. There is a closed surface group Γ in πorb1 (X) with the index |πorb1 (X) :Γ | finite,
as X is a good closed orbifold. Since U is of infinite index in πorb1 (X), Γ ∩U is of infinite
index in Γ . Furthermore, Γ ∩ N = 1 because πorb1 (X) has no nontrivial finite normal
subgroup. Thus Γ ∩N is nontrivial and normal in Γ , and the index |Γ :Γ ∩U | is infinite.
Griffiths’ result in [6] implies that Γ is the fundamental group of a S1-bundle over either
S1 or the orbifold S1/Z2. Further, in the course of the proof of Griffiths’ result, it is shown
that Γ ∩ N is of finite index in the fiber group which is infinite cyclic, and that Γ ∩ U is
infinite cyclic. Thus the fiber group is commensurable with Γ ∩U . 
Lemma 1.3. Let X be a 2-dimensional compact orbifold with nonempty boundary whose
singular points are cone points in Int (X). If a finitely generated subgroup U of πorb1 (X)
contains a nontrivial normal subgroup N of πorb1 (X), then U is of finite index in πorb1 (X).
Proof. As X has nonempty boundary, πorb1 (X) is a free product of cyclic groups. Now
suppose that U has infinite index in πorb1 (X), and we will obtain a contradiction.
Recall that if a finitely generated subgroup U of a group G contains a nontrivial normal
subgroup N of G and U is of infinite index in G, then G is indecomposable (see [5]). It fol-
lows that πorb1 (X) is indecomposable, and hence cyclic. However, any nontrivial subgroup
of a cyclic group has finite index, which is the required contradiction. 
Lemma 1.4. Suppose we have a short exact sequence of groups:
1 → K → G φ−→ H → 1,
where K = 〈t〉 is infinite cyclic and is normal in G. If U is a subgroup of G, then the
subgroup C0(U) = {y ∈ U | [t, y] = 1} of U is normal in U and of index less than or
equal 2.
Proof. Note that conjugation of K by G induces a homomorphism from G to Aut(K), the
group of automorphisms of K . As K ∼= Z, Aut(K) ∼= Z2. Hence we have a homomorphism
from G to Z2. It follows that the kernel of this homomorphism C(K) = {g ∈ G | [g, t] = 1}
is of index at most 2 in G. Note that C0(U) = U ∩C(K). The conclusion follows. 
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and let U be a finitely generated subgroup of infinite index in G. Suppose U contains a
nontrivial normal subgroup N of G. If N is not infinite cyclic, then M is finitely covered
by a compact 3-manifold M1 which is a bundle over S1 with fiber a compact surface F ,
and π1(F ) is commensurable with U .
Proof. Consider the following short exact sequence associated to the Seifert fibered
space M .
1 → K → π1(M) φ−→ πorb1 (X) → 1,
where K = 〈t〉 denotes the cyclic subgroup of π1(M) generated by a regular fiber.
Case 1. In which X is orbifold covered by an orientable compact surface other than the
torus.
Note that as N is not infinite cyclic, it cannot be a subgroup of K . Thus φ(N) must be
nontrivial. Thus we have
1 = φ(N) πorb1 (X) and φ(N) < φ(U) < πorb1 (X)
and φ(U) is finitely generated. By Lemmas 1.2 and 1.3,∣∣πorb1 (X) :φ(U)
∣∣< ∞.
Hence |G :φ−1(φ(U))| < ∞.
If tk ∈ U for some nonzero integer k, there are only finitely many right cosets of U
in φ−1(φ(U)), as every element g ∈ φ−1(φ(U)) can be written as xt l for some x ∈ U
and some integer l. It follows that |φ−1(φ(U)) :U | < ∞. Since |G :φ−1(φ(U))| < ∞,
it follows that |G :U | < ∞. Thus U ∩ 〈t〉 must be trivial. This implies that φ |U is a
monomorphism. As U is a subgroup of the torsion free group G, it follows that U is torsion
free. As φ |U is a monomorphism, φ(U) is torsion free. Therefore φ(U), and hence U , is
the fundamental group of a compact surface.
Let C0(U) = {y ∈ U | [t, y] = 1} and V be the subgroup of G generated by C0(U)
and K . Note that φ−1(φ(U)) is the subgroup of G generated by U and K . Since C0(U)
is a normal subgroup of U with |U :C0(U)|  2 by Lemma 1.4, |φ−1(φ(U)) :V |  2.
Thus V is a finite index subgroup of G. It follows that there is a finite cover M1 of M with
π1(M1) = V . Since C0(U)∩K = {1}, V is isomorphic to C0(U)×K . Being a subgroup of
finite index in the fundamental group U of a compact surface, C0(U) is a compact surface
group. Stallings’ theorem implies that M1 is S1 × F and π1(F ) = C0(U), where F is a
compact surface. This completes the proof for case 1.
Case 2. In which X is orbifold covered by a torus.
Let Γ be the fundamental group of the torus which orbifold covers X. For any subgroup
P of π1(M), we have the following exact sequence:
1 → K ∩ P → P → φ(P ) → 1.
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φ(P ) ∩ Γ is a subgroup of Γ , φ(P ) ∩ Γ is finitely generated. It follows that φ(P ) is
finitely generated. K ∩ P is finitely generated, as K ∩ P is a subgroup of K . Thus P is
finitely generated. It follows that any subgroup of π1(M) is finitely generated. In particular
N is finitely generated. As N is assumed not to be infinite cyclic, Hempel–Jaco’s result
in [8] implies that M has a finite cover M1 which is a bundle over S1 with fiber a compact
surface F , and N is a subgroup of finite index in π1(F ). As U contains N and has infinite
index in π1(M), it follows that |U :N | < ∞, and hence that U is commensurable with
π1(F ). Note that π1(F ) is either Z × Z or the Klein-bottle group, as any subgroup of
π1(M) is finitely generated. 
You can see from the proof of Theorem 1.5 that if M is not a closed manifold, then
π1(F ) is a finite index subgroup of U in the conclusion of Theorem 1.5.
Now we will discuss the hyperbolic manifold case. A Kleinian group is a discrete sub-
group of PSL2(C), which is the group of orientation preserving isometries of H3, the
3-dimensional hyperbolic space. A complete hyperbolic 3-manifold is defined to be a
manifold which is the quotient of H3 by a torsion free Kleinian group Γ acting as cov-
ering group. Thinking of H3 as the interior of the closed 3-ball B3, we may think of Γ
as a group of conformal transformations of S2∞, which is ∂B3, the sphere at infinity. This
action and the action on H3 fit together to form an action on the closed ball B3. The
group Γ acts properly on Int(B3), but it does not act properly discontinuously on S2∞.
Recall LΓ = {x ∈ S2∞ | γn(y) → x for some y ∈ H3 and γn ∈ Γ }, the limit set of Γ and
DΓ = S2∞ \LΓ . The following facts are well known.
• If LΓ has more than two points, then LΓ is the smallest closed Γ -invariant subset
of S2∞.
• If N is a nontrivial normal subgroup of Γ and if LΓ has more than two points, then
LΓ = LN .
Lemma 1.6. If H3/Γ has finite volume, then LΓ = S2∞.
Proof. If not, DΓ is nonempty. Choose y from DΓ . Since DΓ is open, there is a posi-
tive number ε such that the ε-disk Bε(y) is contained in DΓ . Let Hε(y) be the half space
bounded by the hemisphere orthogonal to the boundary complex plane of H3 and pass-
ing through ∂Bε(y). Then Hε(y) has infinite volume. Furthermore, there are only finitely
many γ ’s such that γ (Hε(y)) ∩ Hε(y) = ∅, as Γ acts properly discontinuously on DΓ .
Hence p(Hε(y)) has infinite volume, where p :H3 → H3/Γ is the covering map. This is
impossible. Thus the conclusion follows. 
Definition 1.7. Let Γ be a torsion free Kleinian group with |LΓ | > 2. We let HΓ be the
convex hull of the limit set of Γ in H3. The quotient HΓ /Γ is called the convex core
of H3/Γ . Γ is called geometrically finite if there is a positive number ε so that the ε-
neighborhood of HΓ /Γ in H3/Γ has finite volume. Obviously, π1(HΓ /Γ ) = π1(H3/Γ ).
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LΓ = S2∞ if and only if H3/Γ has finite volume.
Proof. (⇐) Lemma 1.6.
(⇒) Since LΓ = S2∞, every ε-neighborhood of HΓ /Γ is exactly H3/Γ . So, the volume
of H3/Γ is finite. 
We say M is topologically tame if M is homeomorphic to the interior of a compact
3-manifold. A Kleinian group G is topologically tame if the hyperbolic manifold H3/G is
topologically tame. Recently Agol [1] announced a proof that any hyperbolic 3-manifold
with finitely generated fundamental group is topologically tame. The same result was an-
nounced soon after by Calegari and Gabai [3]. This implies that in the following theorem
of Canary (see [4]), the hypothesis that M be topologically tame can be replaced by the
hypothesis that M has finitely generated fundamental group.
Proposition 1.9. Let M˜ be a topologically tame hyperbolic 3-manifold which covers an-
other hyperbolic 3-manifold M by a local isometry p : M˜ → M . If E˜ is a geometrically
infinite end of M˜ , then either
• E˜ has a neighborhood N˜ such that p is finite to one on N˜ , or
• M has finite volume and has a finite cover M1 which fibers over the circle such that
if MS denotes the cover of M1 associated to the fiber subgroup, then M˜ is finitely
covered by MS .
Now we prove the statement (S) is true for compact 3-manifolds whose interior is a
complete hyperbolic 3-manifold of finite volume.
Theorem 1.10. Let M be a complete hyperbolic manifold of finite volume whose fundamen-
tal group is G. Suppose that G has a finitely generated subgroup U such that U contains a
nontrivial normal subgroup N of G and |G :U | = ∞. Then M has a finite covering space
M1 which is a bundle over S1 with fiber a compact surface F , and π1(F ) is a subgroup of
finite index in U .
Proof. Since N is a nontrivial normal subgroup of G, LN = LG by the above remark.
Also, LN < LU < LG as N <U <G. It follows that the three limit sets are all the same.
By Lemma 1.6, LG = S2∞, so LU = S2∞. Now H3/U has infinite volume as U is of infinite
index in G. By Lemma 1.8, U is geometrically infinite. As U is finitely generated, there
is a geometrically infinite end E of H3/U . Now E cannot have a neighborhood V such
that p is finite to one on V , where p is the associated covering map, since V has infinite
volume. Hence Canary’s result, Proposition 1.9, combined with the recent work of Agol
and of Calegari and Gabai gives rise to the conclusion. 
So far, we have shown that the statement (S) is true when M is a complete hyperbolic
3-manifold of finite volume. For complete hyperbolic manifolds of infinite volume, the
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pact 3-manifold whose interior is a hyperbolic manifold with infinite volume, M has at
least one nontorus boundary component. Such a manifold is homeomorphic to H3/G with
LG = S2∞. The set DG = S2∞ \ LG is called the domain of discontinuity of G. It is open
in S2∞. Also G acts on it properly discontinuously. Hence, if DG = ∅, then (H3 ∪DG)/G is
a 3-manifold with boundary DG/G. Ahlfors finiteness theorem says that if G is a finitely
generated discrete torsion-free Kleinian group, then DG is a finite collection of finite area
hyperbolic surfaces(see [2]). This implies the following theorem.
Theorem 1.11. Let the limit set of a Kleinian group G be not the entire sphere. Suppose
that a finitely generated subgroup U contains a nontrivial normal subgroup N of G. Then
U is of finite index in G.
Proof. Since LG is not the whole sphere, DG is not empty. Since N is normal in G,
LN = LG, so LU = LG. It follows that DG = DU . By the Ahlfors finiteness theorem,
DG/G and DU/U are finite area hyperbolic surfaces. Hence the covering DU/U →
DG/G must be finite. Therefore, U is of finite index in G. 
According to this theorem, a compact 3-manifold whose interior has a complete hyper-
bolic structure of infinite volume cannot satisfy the hypothesis of the statement (S).
A 3-manifold with geometric structure other than a hyperbolic manifold or a Seifert
fibered space is a Sol-manifold. The Lie group Sol is defined to be a split extension of R2
by R. The fundamental group of a closed orientable Sol-manifold M satisfies the following
exact sequence:
1 → K → π1(M) φ−→ Z → 1,
where K ∼= Z × Z. Assume G = π1(M) satisfies the hypothesis of the statement (S). Then
N is finitely generated, so the conclusion of the statement (S) follows by Hempel and
Jaco’s result [8]. The reason for N being finitely generated is the following.
We have the following exact sequence:
1 → N ∩K → N → φ(N) → 1.
Since N ∩ K and φ(N) are finitely generated, N is an extension of a finitely generated
group by a finitely generated group. Therefore N is finitely generated.
Summarizing what we discussed so far, we obtain the following theorem.
Theorem 1.12. Let G be the fundamental group of a compact geometric 3-manifold, and
U be a finitely generated, infinite index subgroup of G. Suppose U contains a nontrivial
normal subgroup N of G. If N is not infinite cyclic, then M is finitely covered by a bundle
over S1 with fiber a compact surface F and π1(F ) is commensurable with U .
2. Torus sum
Let M be a 3-manifold which splits along an incompressible torus T into either two
3-manifolds X1 and X2 or one 3-manifold X1, where the statement (S) holds for X1
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Recall that the fundamental group of M is the free product of π1(X1) and π1(X2) amalga-
mated along the fundamental group of the splitting torus or the HNN extension of π1(X1)
along the fundamental group of the splitting torus. In this section, we will show that if
the normal subgroup N intersects nontrivially the fundamental group of the splitting torus,
then the statement (S) is true for M . The fundamental group of M can be seen as a graph of
groups. A useful tool to analyze such 3-manifolds is to consider their fundamental groups
as graphs of groups. For the definitions and terminology regarding graphs of groups, see
[5,13,16].
A graph of groups is defined to be a connected graph G together with
(a) vertex groups Gv’s and edge groups Ge = Ge’s corresponding to each vertex v of G
and edge e of G, where e is the inverse edge of e, and
(b) monomorphisms φ0 :Ge → Gv and φ1 :Ge → Gw for each edge e of G, where v and
w are the vertices of e.
We will use the same symbol for the graph of groups as for its underlying graph. Let G be
a graph of groups and T be a maximal tree in G. Let GT be the free product of all vertex
groups Gv with the two images of Ge in the corresponding vertex groups amalgamated for
each edge e of T . If G = T , the fundamental group of G is defined to be GT . If G = T , the
fundamental group of G relative to T is defined to be the HNN group with base GT , with
free part having basis {te} where e runs over the edges of G not in T , and with the subgroups
associated to te being the two images of Ge. It can be shown that the fundamental group of
a graph of groups G is independent of the choice of T (see [5]).
For example, the free product with amalgamation A ∗C B is the fundamental group of
the graph of groups whose underlying graph consists of two vertices, an edge connecting
the two vertices and its inverse edge. If G = A ∗C B with A = C = B , we say that G has
nontrivial amalgamation. The HNN group A∗C is considered as the fundamental group of
the graph of groups whose underlying graph consists of one vertex, an edge from the vertex
to itself and its inverse edge. Note that if M = X1 ∪T X2 or M = X1∪T , the fundamental
group of M can be seen as the fundamental group of a graph of groups whose underlying
graph has only one edge pair.
A group G acting on a graph X is said to act without inversions if there is no g ∈ G
with ge = e¯ for some edge e of X . Let a group G act on a tree T without inversions
with the quotient graph G. Then there is a graph of groups with underlying graph G whose
fundamental group is G and whose vertex and edge groups are Gv and Ge , where Gv is
the stabilizer of a vertex v, and Ge is the stabilizer of an edge e. We call this the graph
of groups associated to the action of G on T and denote it by G. Conversely if G is a
graph of groups with fundamental group G, then there is a tree T on which G acts without
inversions, and the associated graph of groups is G\T = G. If U is a subgroup of G, then
U is the fundamental group of the graph of groups U\T , which we will denote by U . Each
vertex group of U is the intersection of U with a conjugate of a vertex group of G and each
edge group of U is the intersection of U with a conjugate of an edge group of G.
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connected graph Γ . Then there is at least one collection of finitely many consecutive edges
connecting P and Q. We define the distance d(P,Q) between P and Q to be
min{n | P and Q are connected by n consecutive edges}.
We say Γ is of finite diameter if
sup
{
d(P,Q) | P and Q are vertices of Γ }
is finite.
Then the following is true. Recall that a vertex v in a graph is of valence 1 if v has only
one edge whose initial vertex is v.
Lemma 2.1. Let G = A ∗C B with A = C = B or G = A∗C , where the corresponding
graph of groups G has only one pair (e, e¯) of edges. Let U be a finitely generated subgroup
of G. If the graph of groups U corresponding to U has finite diameter, then it is a finite
graph of groups.
Proof. Let T be a maximal tree of U , and let E′ be the set of edges not in T . Then E′
is finite, since U is finitely generated. It is well known that there is a finite subtree S of
T such that S contains all the vertices of edges in E′, and the subgraph of groups S ∪ E′
carries the whole fundamental group U , as U is finitely generated. It suffices to show that
T = S .
Suppose not. Since T has finite diameter, it has a vertex v0 at maximal distance from S
in T , and this vertex must have valence 1 in U . We show that this is impossible.
Let X be the tree on which G acts with quotient G and U acts with quotient U . For the
HNN case, note that G is a graph with one vertex and one edge-pair (an edge and its inverse
edge), with both edges of the pair starting at the vertex. Hence, at each vertex in X , there
are two edges starting at that vertex which are in different G-orbits, and so in different
U -orbits. Thus no vertex of U can have valence 1.
For the amalgamated free product case, there are at least two edges starting at each
vertex of X , as A = C = B . If the U -stabilizer of a vertex of X equals the U -stabilizer
of some edge at that vertex, then any of the other edges adjacent to that vertex will be in
a different U -orbit from that edge. Hence the corresponding vertex of U does not have
valence 1. Thus each vertex of valence 1 leads to a nontrivial amalgamated free product.
It follows that U is a nontrivial amalgamated free product of the vertex group Uv0 and the
fundamental group of the remainder of the graph of groups. But, by construction, the latter
is the whole of U . This is a contradiction. 
Lemma 2.2. Let U be a finitely generated group. If U is a finite graph of groups whose
fundamental group is U and all edge groups are finitely generated, then all vertex groups
of U are also finitely generated.
Proof. Let Uv be an arbitrary vertex group of U . Since U is finite, there are only finitely
many edges which have v as their common vertex. Let e1, . . . , ek be such edges. Let V1 =
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finitely generated subgroups of Uv such that




Since the Uej ’s are subgroups of the Vi ’s, we can construct a graph of groups Xi from U
by replacing Uv with Vi . Set Wi to be the fundamental group of Xi . Then Wi ∩ Uv = Vi .
Hence, we have an infinite sequence {Wi} of subgroups of U such that
W1  W2  W3  · · ·
and
⋃∞
i=1 Wi = U . It follows that U is not finitely generated, which is a contradiction.
Therefore, Uv is finitely generated. 
Let G be the fundamental group of a compact 3-manifold M with either M = X1 ∪T X2
or M = X1∪T . In the case where M = X1 ∪T X2, assume that π1(X1) = π1(T ) = π1(X2).
Let U be a finitely generated subgroup of G = π1(M) with the index |G :U | infinite.
Suppose that U contains a nontrivial normal subgroup N of G and N is not isomorphic
to the infinite cyclic group Z. Consider the graph of groups G corresponding to G whose
underlying graph has only one edge pair. Let X be the tree on which G, U and N act with
quotients G, U and N , respectively. As mentioned earlier, use the same symbols to denote
the graphs of groups associated to these actions. Note that if U has finite diameter, it is a
finite graph of groups by Lemma 2.1. If U has infinite diameter, we will show that M is a
torus bundle over S1 (see Theorem 2.4).
Lemma 2.3. Let M be a Haken 3-manifold. Suppose P is a subgroup of π1(M) which is
isomorphic to a subgroup of Z × Z. If t is any element of π1(M) such that tP t−1 ⊂ P ,
then tP t−1 = P .
Proof. If P = 1, then the conclusion is clear.
If P ∼= Z, then this follows from Theorem 6.2.1 of [9]. If P ∼= Z × Z and tP t−1  P ,
then there is an infinite sequence {tkP t−k} of groups such that tkP t−k  tk−1P t−(k−1)
for any k. This implies that
⋃∞
k=−∞ tkP t−k is a nonfinitely generated Abelian group of
rank 2. By Theorem 3.4 in [15], this is impossible. Hence, the conclusion follows. 
Theorem 2.4. Let M be a compact 3-manifold with π1(M) = G. Suppose that M has a
torus decomposition such that either M = X1 ∪T X2 or M = X1∪T . Let U be a finitely
generated, infinite index subgroup of G such that U contains a nontrivial normal subgroup
N of G and N is not isomorphic to the infinite cyclic group. If the graph of groups U
corresponding to U has infinite diameter, then M is finitely covered by a torus bundle over
S1 with fiber T , and U and π1(T ) are commensurable.
Remark 2.5. Note that this result does not assume that X1 and X2 satisfy the statement (S).
Proof. Let A = π1(X1), B = π1(X2) and C = π1(T ). Since U is finitely generated, there
is a finite subgraph of groups Γ of U which carries the fundamental group of U . Since U
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S must be a tree, as Γ carries the whole fundamental group U . Hence S is a subtree of
infinite diameter of U such that S meets Γ at a vertex v0 and the fundamental group of
the graph of groups corresponding to S is just the vertex group at v0. We will say that a
graph of groups is of trivial amalgamations if its fundamental group is the same as a vertex
group in it. (Such a graph must be a tree.) Thus the graph of groups corresponding to S is
of trivial amalgamations.
Let S ′ be a component of the pre-image of S in the graph of groups N under the
covering map. Since the fundamental group of the graph of groups corresponding to S is
a vertex group Uv0 , the pre-image in S ′ of v0 is a single vertex v˜0, and the fundamental
group of the graph of groups corresponding to S ′ is the vertex group Nv˜0 . Hence the graph
of groups corresponding to S ′ is also a graph of groups with trivial amalgamations. In
particular, S ′ is a tree. It follows that each edge of S ′ separates N .
Since G/N acts transitively on the edges of N , it follows that each edge of N sepa-
rates N , so that N is also a tree. Let e be an edge in N with adjacent vertices w1 and w2.
Since G/N acts on N with compact quotient, any finite subgraph of groups Y of N is
sent into S ′ by some element of G/N . It follows that Y is a graph of groups with trivial
amalgamation, so that the fundamental group of Y is a vertex group. In particular, the edge
group Ne equals one of the vertex groups Nw1 and Nw2 and is contained in the other. We
may assume Nw2 = Ne ⊂ Nw1 without loss of generality. Thus each vertex group of N is
equal to an edge group which is isomorphic to a subgroup of C.
First consider the case in which G = A ∗C B , so that the quotient of N by the action of
G/N has one edge and two vertices. In particular the vertices of N form two orbits under
the action of G/N , and each edge of N joins vertices in distinct orbits. Now suppose that
Ne  Nw1 . If w1 was the only vertex in its orbit, then N would equal Nw1 which would
equal A or B . As N is normal in G, this is impossible. Hence we must have another edge e′
which meets the edge e in the vertex w2. Let w3 denote the other vertex of e′. Then w3
and w1 lie in the same orbit, so that Ne′  Nw3 . Thus the subgraph of N consisting of e
and e′ has fundamental group which is not a vertex group. This is impossible. Therefore
Ne = Nw1 , and so each edge group and vertex group is equal to Ne. It follows that the
fundamental group N of N equals Ne, so that N ⊂ C.
Next consider the case in which G = A∗C . Since G/N acts transitively on the set of
vertices of N in this case, Nw2 = tNw1 t−1 for some t . If Ne  Nw1 , then tNw1 t−1 =
Nw2 = Ne  Nw1 . But Nw1 is isomorphic to a subgroup of Z × Z. By Lemma 2.3, this is
impossible. Thus Ne = Nw1 . It follows that N is a vertex group, which is an edge group.
Therefore N ⊂ C.
In both cases, N ⊂ C. Since N is neither trivial nor infinite cyclic, N ∼= Z × Z. Theo-
rem 3 in [8] implies that M is finitely covered by a bundle over S1 with fiber T . Also N is
a subgroup of π1(T ) with |π1(T ) :N | < ∞. Since U has infinite index in G, N must have
finite index in U . Thus U and π1(T ) are commensurable. This completes the proof. 
According to Theorem 2.4, if the diameter of U is infinite, the statement (S) is true for
the case where M is either X1 ∪T X2 or X1∪T .
Now consider the case in which U has finite diameter. In this case, U is a finite graph of
groups by Lemma 2.1.
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is no regular finite cover F˜ of F which has only one boundary component.
Proof. Assume there is a regular finite cover p : F˜ → F with ∂F˜ ∼= S1. Let ∂F = C,
∂F˜ = C˜. Then p−1(C) = C˜ and p|C˜ : C˜ → C is a regular cover. Thus the covering trans-
formation group is isomorphic to Zn for some positive integer n. Therefore there is an
epimorphism φ :π1(F ) → Zn such that φ([C]) is the generator of Zn. However, [C] = 0
in H1(F ), as F has only one boundary component. So [C] in π1(F ) goes to 0 under φ.
A contradiction occurs. 
Lemma 2.7. Let M be a surface bundle over S1 with fiber a compact surface F where ∂F
is not empty. Then there is a finite cover M1 of M such that M1 is a bundle over S1 with
fiber a compact surface F1 such that ∂F1 has more than one component.
Proof. Let M = F × I/(x,0) ∼ (φ(x),1). Let
τ1 :π1(F ) → H1(F,Z) and τ2 :H1(F,Z) → H1(F,Z2)
be the canonical epimorphisms. Then Ker(τ2 ◦ τ1) is a characteristic subgroup of π1(F ).
Since H1(F,Z2) is a finite group, Ker(τ2 ◦ τ1) is a finite index, proper subgroup of π1(F ).
Thus there is a finite regular cover F1 of F with π1(F1) = Ker(τ2 ◦ τ1). As Ker(τ2 ◦ τ1)
is a characteristic subgroup of π1(F ), we must have φ∗(π1(F1)) = π1(F1). It follows that
there is a lift φ1 :F1 → F1 of φ. The 3-manifold M1 = F1 × I/(x,0) ∼ (φ1(x),1) is a
finite covering of M .
If ∂F has more than one component, ∂F1 obviously has more than one component. In
the case where ∂F has only one component, Lemma 2.6 ensures that ∂F1 has more than
one component. 
Lemma 2.8. Let M be a compact 3-manifold which has an incompressible torus T as a
component of ∂M . Suppose the following conditions are satisfied:
(1) there is a finite regular cover M1 of M with the covering map p1 :M1 → M such that





where F has k boundary components C1, . . . ,Ck , k  2, and φ :F → F is a homeo-
morphism;
(2) there is a finitely generated subgroup U of π1(M) such that U contains π1(F ) and
U ∩ π1(T ) = 〈α〉 ∼= Z.
Then there is a fixed positive integer r such that p1∗([Ci]) is conjugate to αr for all [Ci]
with p1(Ci) ⊂ T . Further, for any positive integer m, there is a finite regular cover F0 of
F and a homeomorphism φ0 :F0 → F0 such that M0 = F0 × I/(x,0) ∼ (φ0(x),1) is a
finite regular cover of M1 with covering map p0 and p∗([C′j ]) = αrm for any boundary
component C′ of F0 with p(C′ ) ⊂ T , where p = p0 ◦ p1.j j
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group of each boundary component of M1 is generated by [Ci] and t li for some inte-
ger li . In fact, it is isomorphic to 〈[Ci]〉 × 〈t li 〉. Since π1(F )∩ π1(T ) ⊂ U ∩ π1(T ) = 〈α〉,
p1∗([Ci]) = αni for some integer ni if p1(Ci) ⊂ T . Let Ci and Cj be two boundary
components of F with p(Ci) and p(Cj ) contained in T . If Ti and Tj are the boundary
components of M1 containing Ci and Cj , respectively, π1(Ti) is the same as π1(Tj ) up
to conjugation, as M1 is a regular cover of M . Hence 〈[Ci]〉 = 〈[Cj ]〉 up to conjugation
and 〈t li 〉 = 〈t lj 〉. It follows that 〈αni 〉 = 〈αnj 〉 and li = ±lj . Therefore with an appropri-
ate orientation on each Ci , there is a positive integer r such that p1∗([Ci]) = αr for all i
satisfying p1(Ci) ⊂ T .
Now given a positive integer m, consider the following canonical epimorphisms
τ1 :π1(F ) → H1(F,Z) and τ2 :H1(F,Z) → H1(F,Zm).
Then Ker(τ2 ◦ τ1) is a characteristic subgroup of π1(F ). Also as k  2, each of
[C1], . . . , [Ck] is part of a basis of H1(F,Z), and so
Ker(τ2 ◦ τ1)∩
〈[Ci]〉= 〈[Ci]m〉 for all i.
Therefore there is a finite cover F0 of F such that the covering map ∂F0 → ∂F is
of degree m on each component and π1(F0) is a characteristic subgroup of π1(F ). It
follows that for any automorphism h∗ :π1(F ) → π1(F ), h∗(π1(F0)) = π1(F0). In par-
ticular, φ∗(π1(F0)) = π1(F0), so there is a lift φ0 :F0 → F0 of φ. Thus the 3-manifold
M0 = F0 × I/(x,0) ∼ (φ0(x),1) is a finite covering of M1. Let p0 be this covering map.
Then p0∗([C′j ]) = [Cj ]m for each component C′j of F0. It follows that if we let p = p0◦p1,
then p∗([C′j ]) = [α]rm for any [C′j ] with p(C′j ) ⊂ T . 
Theorem 2.9. Let M be a closed 3-manifold with M = X1 ∪T X2 or M = X1∪T , where the
statement (S) is true for each Xi . Suppose that G = π1(M) contains a finitely generated
subgroup U of infinite index satisfying the following:
(1) U contains a nontrivial normal subgroup N of G.
(2) N intersects nontrivially the fundamental group of the splitting torus.
(3) N ∩ π1(Xi) is not isomorphic to Z.
If the graph of groups U corresponding to U is of finite diameter, then M has a finite
cover M˜ which is a bundle over S1 with fiber a compact surface F , and π1(F ) is commen-
surable with U .
Proof. Since U is of finite diameter, U is a finite graph of groups by Lemma 2.1.
Lemma 2.2 assures us that each vertex group of U is finitely generated, as each edge group
is finitely generated. Hence U ∩ π1(Xi) is a finitely generated subgroup of π1(Xi) and
contains a nontrivial normal subgroup N ∩ π1(Xi) of π1(Xi). If every edge group of U
were of finite index in π1(T ), then U would be of finite index in G. Hence there is an edge
group which is of infinite index in π1(T ). We may let U ∩ π1(T ) be this edge group with
a proper choice of base point. It follows that U ∩ π1(Xi) is of infinite index in π1(Xi).
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with fiber a compact surface Fi and π1(Fi) is a subgroup of finite index in U ∩ π1(Xi).
Taking the intersection of all conjugates of π1(Yi) in π1(Xi), we may assume that
π1(Yi) is normal in π1(Xi). By Lemma 2.7, we may assume that each Fi has more than
one boundary component by taking a further finite cover if necessary.
First consider the case where M = X1 ∪T X2. According to Lemma 2.8, there are pos-
itive integers r1 and r2 such that p1∗([C1]) = αr1 , q1∗([C2]) = αr2 up to conjugation for
any boundary components C1 of F1 and C2 of F2, where p1 :Y1 → X1 and q1 :Y2 → X2
are the covering maps. Considering the cases when m = r1 and m = r2 in Lemma 2.8, we
obtain finite covers S1 of F1 and S2 of F2 satisfying the following:
(1) Z1 = S1 × I/(x,0) ∼ (φ1(x),1) is a covering space of Y1 and p1∗ ◦ p2∗([C]) = αr1r2
for any boundary component C′1 of S1, where p2 : Z1 → Y1 is the covering map.
(2) Z2 = S2 × I/(x,0) ∼ (φ2(x),1) is a covering space of Y2 and q1∗ ◦ q2∗([C′2]) = αr1r2
for any boundary component C′2 of S2, where q2 : Z2 → Y2 is the covering map.
(3) Each π1(Si) is a characteristic subgroup of π1(Fi) for i = 1,2.
Now note that there are obvious covering maps
p3 :M1 → Z1 and q3 :M2 → Z2,
where M1 = S1 × R and M2 = S2 × R. Let m1 and m2 be the numbers of boundary com-
ponents of S1 and S2, which project into T under p1 ◦ p2 and q1 ◦ q2, respectively. Let
p = p1 ◦ p2 ◦ p3 and q = q1 ◦ q2 ◦ q3. Note p∗([C1]) = αr1r2 = q∗([C2]) up to conjuga-
tion. Hence we can glue m2 copies of M1 and m1 copies of M2 along boundary open annuli
to obtain a covering space S′ × R of M , where S′ is a closed surface.
Since π1(Si) is a characteristic subgroup of π1(Fi) and π1(Fi) is normal in π1(Yi),
π1(Si) is normal in π1(Yi). In particular, π1(Yi)∩π1(T ) normalizes π1(Si). Note π1(Yi)∩
π1(T ) is of finite index in π1(T ). Thus, there is a finite index subgroup of π1(T ) which
normalizes π1(Si). For each copy W of M1 and M2, we can obtain a finite index subgroup
of π1(T ) which normalizes π1(W). Let K be the intersection of these subgroups of π1(T ).
Then K is of finite index in π1(T ) and normalizes π1(S′). Since π1(T ) ∩ π1(S1) ∼= Z ∼=
π1(T )∩π1(S2), the intersection of π1(T ) and π1(S′) is isomorphic to Z. This implies that
π1(S′) is of infinite index in its normalizer Nπ1(S′).
In the case where M = X1∪T , X1 has two torus boundary components T1 and T2. Note
that if we let ni be the number of boundary components of Y1 which project to Ti , then
n1 = n2. Using Lemma 2.8 and the fact that π1(T1) and π1(T2) are conjugate to each
other in π1(M), there is a positive integer r such that p1∗([C]) = αr up to conjugation for
any boundary component C of F1, where p1 :Y1 → X1 is the covering map. Consider the
canonical covering map p2 :F1 × R → Y1. Let p = p2 ◦ p1. Then p∗([C1]) = p∗([C2])
up to conjugation for any boundary components C1 and C2 of F1 with p1(C1) ⊂ T1 and
p1(C2) ⊂ T2. Hence we can glue boundary annuli in a single copy of F1 × R to obtain a
covering space S′ × R of M , where S′ is a closed surface. Essentially as in the case where
M = X1 ∪T X2, π1(S′) is of infinite index in its normalizer Nπ1(S′).
Since π1(S′) is not isomorphic to Z, Nπ1(S′) is finitely generated by Theorem 3.2 in [11].
Let M ′ be the covering space of M corresponding to Nπ (S′). According to [10], M ′ has1
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compact, then M ′′ = M ′. Now Theorem 3 in [8] implies that M ′′ has a finite cover M˜
which is a bundle over S1 with fiber a closed surface F , and hence is closed. Thus M ′
equals M ′′. Hence taking M˜ equal to M ′ yields the required cover of M . 
Combining Theorem 2.4 and Theorem 2.9, we obtain the following theorem.
Theorem 2.10. Let M be a compact 3-manifold with M = X1 ∪T X2 or M = X1∪T ,
where the statement (S) holds for each Xi , for i = 1,2. Suppose that G = π1(M) contains
a finitely generated subgroup U of infinite index satisfying the following:
(1) U contains a nontrivial normal subgroup N of G.
(2) N intersects nontrivially the fundamental group of the splitting torus.
(3) N ∩ π1(Xi) is not isomorphic to Z.
Then M has a finite cover which is a bundle over S1 with fiber a compact surface F
and π1(F ) is commensurable with U .
The results in the previous section and Theorem 2.10 give rise to the following corollary.
Corollary 2.11. Let M be either X1 ∪T X2 or X1∪T , where each Xi is either a Seifert
fibered space or a hyperbolic manifold. Suppose that G = π1(M) contains a finitely gen-
erated subgroup U of infinite index satisfying the following:
(1) U contains a nontrivial normal subgroup N of G.
(2) N intersects nontrivially the fundamental group of the splitting torus.
(3) N ∩ π1(Xi) is not isomorphic to Z.
Then M has a finite cover which is a bundle over S1 with fiber F a compact surface
and π1(F ) is commensurable with U .
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